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Abstract — The objective of this work was to propose a way of using the Tocher’s method of clustering to obtain
a matrix similar to the cophenetic one obtained for hierarchical methods, which would allow the calculation of a
cophenetic correlation. To illustrate the obtention of the proposed cophenetic matrix, we used two dissimilarity
matrices — one obtained with the generalized squared Mahalanobis distance and the other with the Euclidean
distance — between 17 garlic cultivars, based on six morphological characters. Basically, the proposal for
obtaining the cophenetic matrix was to use the average distances within and between clusters, after performing
the clustering. A function in R language was proposed to compute the cophenetic matrix for Tocher’s method.
The empirical distribution of this correlation coefficient was briefly studied. For both dissimilarity measures,
the values of cophenetic correlation obtained for the Tocher’s method were higher than those obtained with the
hierarchical methods (Ward’s algorithm and average linkage — UPGMA). Comparisons between the clustering
made with the agglomerative hierarchical methods and with the Tocher’s method can be performed using a
criterion in common: the correlation between matrices of original and cophenetic distances.

Index terms: cluster analysis, optimization methods, clustering consistency.
Um coeficiente de correlagao cofenética para o método de Tocher

Resumo — O objetivo deste trabalho foi propor uma forma de uso do método de Tocher para obtengdo de
uma matriz analoga a matriz cofenética obtida para métodos hierarquicos, o que permitiria o calculo de uma
correlagdo cofenética. Para ilustrar a obtenc¢@o da matriz cofenética proposta, foram utilizadas duas matrizes de
dissimilaridade — uma obtida com a distancia quadrada generalizada de Mahalanobis ¢ outra com a distancia
euclidiana — entre dezessete cultivares de alho, com base em seis caracteres morfologicos. Basicamente, a
proposta para obteng¢@o da matriz cofenética foi a de usar, apds a realizagdo do agrupamento, as distancias
médias intra e intergrupos. Uma fung@o em linguagem R foi proposta para computar a matriz cofenética para
o método de Tocher. A distribui¢do empirica desse coeficiente de correlagdo foi estudada de forma sucinta.
Para as duas medidas de dissimilaridade, os valores do coeficiente de correlagdo cofenética obtidos para o
método de Tocher foram superiores aos obtidos com os métodos hierarquicos (algoritmo de Ward e ligacao
média— UPGMA). Comparag¢des entre agrupamentos feitos com os métodos hierarquicos aglomerativos e com
o método de Tocher podem ser realizadas com o uso de um critério em comum: o da correlagdo entre matrizes
de distancias cofenéticas e originais.

Termos para indexacdo: analise de agrupamento, métodos de otimizagao, consisténcia do agrupamento.

Introduction

Tocher’s optimization method (Rao, 1952) allows
establishing mutually exclusive clusters of objects
according to an objective function that adopts the
criterion of optimization, which minimizes the
average distance intra-cluster and maximizes the
average distance inter-cluster. This method has been
used in studies involving quantification of the genetic
variability between individuals, both in plants (Gouvéa
et al., 2010; Rajamanickam & Rajmohan, 2010; Gorji
& Zolnoori, 2011; Ledo et al., 2011; Matsuo et al.,

2012) and animals (Barbosa et al., 2005). Descriptions
for the clustering process with Tocher’s method can be
found in the work of Sharma (2006) and Cruz et al.
(2011).

In clustering studies, it is advisable to perform a
consistency evaluation, so that conclusions about
similarities between individuals are reliable. In
clustering with hierarchical algorithms, the correlation
between the elements of original dissimilarity matrix
and their respective elements from matrix produced
by phenogram — the cophenetic matrix — is taken
as an evaluation measure of clustering consistency.
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This measure is known as cophenetic correlation
coefficient, proposed by Sokal & Rohlf (1962), and
it is available in most statistical computer packages.
Since then, comparisons between clustering results
have been performed with the cophenetic correlation
(Kopp et al., 2007; Gongalves et al., 2008; Cargnelutti
Filho et al., 2010; Cargnelutti Filho & Guadagnin,
2011). This is due to the fact that the process of
construction of phenograms allows calculating a
cophenetic matrix.

However, the Tocher’s method does not involve a
construction of a phenogram to perform the clustering.
Thus, the clustering consistency has been evaluated
indirectly, based on observation of the results of
hierarchical clustering and other multivariate methods
(Bertan et al., 2006; Leal et al., 2008; Silva, 2012),
including ordering techniques which, sometimes,
became impractical due to the excessive number of
variables and objects. The fact is that the application
of some multivariate methods, such as discriminant
analysis, requires at least that the classificatory variables
are numerical, unlike evaluation by cophenetic
correlation, which needs only the clustering result.

Therefore, this work follow the premise of Sneath
& Sokal (1973), in which cophenetic values can be
obtained even by ordering methods,

The objective of this work was to propose a way
of using the Tocher’s method of clustering to obtain
a matrix similar to the cophenetic one obtained
for hierarchical methods, which would allow the
calculation of a cophenetic correlation.

Materials and Methods

Tocher’s method operates on dissimilarity (or
similarity) matrix between individuals. To illustrate
the obtaining of the proposed cophenetic matrix, two
dissimilarity matrices (Table 1) were used, the first one
was obtained by the generalized squared Mahalanobis
distance (D?), and the other by the Euclidian distance
between 17 garlic cultivars, based on six morphological
characters, extracted from Silva (2012).

Tocher’s method was applied based on the
referred matrices, and the clustering results of 17
garlic cultivars were used to obtain the cophenetic
matrices. The following cluster groups were formed:
1, Mahalanobis distance (cultivars 8, 9, 12, 4, 10, 2, 7,
15) and Euclidean distance (8, 9, 4, 10, 2, 12, 11); 2,
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Mahalanobis distance (1, 6, 14) and Euclidean distance
(7, 15, 17, 6, 1); 3, Mahalanobis distance (11, 13) and
Euclidean distance (3, 5); 4, Mahalanobis distance (3,
5) and Euclidean distance (16); 5, Mahalanobis distance
(16) and Euclidean distance (14); and 6, Mahalanobis
distance (17) and Euclidean distance (13).

As in the hierarchical methods, the cophenetic matrix
consists of the cophenetic distances, i.e., the fusion
level of entities; the proposal for Tocher’s method is to
get the cophenetic matrix from the average distances
within and between clusters.

The average distance within k-th cluster is obtained
by averaging the distances pairs of individuals within
cluster, according to the following expression:

n -1 ny

d, = Z—Zz%, V%], 22,

(- 1) 545

in which: ny is the number of individuals in the k-th
cluster; and d;; is the distance between the individuals
i and j allocated in the k-th cluster. Obviously,
n=1=>d,=0.

The average distance between the k-th and the k'-th
cluster is obtained by averaging the distances between
crossed pairs of individuals from two clusters involved,
according to the following equation:

1 n, .

D> d .V k=k,

n,n. = j=1

d o =

in which: n, and ny are, respectively, the number of
individuals in the k-th and k'-th clusters; and d;; is
the distance between the i-th individual from the k-th
cluster, and the j-th individual from the k'-th cluster.
Obviously, ny =ne =1 = dip = dij.

Being g the number of clusters formed by Tocher’s
method, it can be seen that the actual number of
distances involved in the construction of the cophenetic
matrix is only a function of the number of formed
clusters, expressed by g(g + 1)/2. This fact implies that
the calculations involved to obtain that matrix can be
similarly extended to the modified Tocher’s method,
proposed by Vasconcelos et al. (2007). Therefore,
it is noteworthy that the construction of this matrix
depends directly on the number of clusters formed by
the method.

For the example used as illustration, diagrams of
clusters were designed to represent the average distance
relationships within and between clusters (Figure 1).
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Matrices containing the average distances within Based on the relationships observed in Figure 1,
clusters on the main diagonal and average distances  the cophenetic matrices were obtained, considering
between clusters off-diagonal were constructed to  that the phenetic relationship between two cultivars
facilitate obtaining the cophenetic matrix. allocated in the same cluster can be represented by the

Table 1. Dissimilarity matrix between 17 garlic cultivars, based on the generalized squared Mahalanobis distance (upper
triangular matrix) and the Euclidean distance (lower triangular matrix).

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17
1 334 408 536 310 124 362 292 356 545 798 584 845 1.47 240 2.69 3.13
2 3.08 5.51 2.00 505 265 1.72 1.69 1.79 121 2.57 129 241 403 216 7.44 4.10
3 346 216 485 232 468 7.4 658 720 588 594 7.03 980 553 84l 4.71 7.66
4 2.97 124 275 8.09 4381 2.13 1.66 142 080 218 0.69 337 721 3.8 9.95 3.62
5 451 274 1.0 351 469 861 683 804 792 741 824 892 286 7175 3.38 9.31
6 1.55 418 471 408 582 1.93 337 419 403 6.11 574 870 3.09 297 5.79 3.95
7 1.91 382 479 340 593 1.47 2,11 235 1.05 341 259 462 464 133 8.76 1.87
8 270 244 387 1.74 438 3.69 3.07 022 238 420 117 383 486 1.69 8.81 3.24
9 278 2.05  3.62 1.27 420 3.8l 312 0.63 240 489 094 386 586 1.82 9.19 3.07
10 2.62 128 272 089 3.68 358 289 213 1.75 1.14  1.02 213 575 268 9.52 3.20
11 4.02 .51 2.60 1.62 272 517 466 270 245 1.96 221 232 731 582 12.18 7.04
12 4.13 1.66  3.17 1.37 333 530 464 230 1.90 206 1.17 1.50  6.87 297 10.77  4.33
13 562 286 365 3.00 324 686 626 405 3.72 346 1.86 1.86 6.61  4.10 11.40 6.15
14 146 247 249 253 349 277 281 281 279 213 318 353  4.67 2.59 1.95 3.60
15 1.56 318 421 266 525 205 1.10 227 230 226 394 384 544 216 6.10 0.94
16 3.06 325 206 3.65 330 412 435 459 436 326 406 449 511 2,15 3.89 5.44

17 220 429 4091 377  6.18  2.08 129 366 3.64 327 509 506 655 286 1.47 4.06

A 6 B ;
0.00
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Figure 1. Clustering diagrams formed by Tocher’s method representing the relationships of average distances within and
between the clusters, based on: A, the generalized squared Mahalanobis distance; and B, the Euclidean distance.
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average distance within cluster, and that the phenetic
relationship between two cultivars allocated in different
clusters can be represented by the average distance
between clusters. For example, based on Mahalanobis
distance, the cophenetic distance between the cultivars
1 and 6 is simply the average distance within cluster
2, which is d, s = 1.93. However, the distance between
the cultivars 1 and 5 is the average distance between
clusters 2 and 4, which is d; s = 4.15.

After constructing the cophenetic matrices, the
correlations between the elements from each matrix of
original distances with the respective elements from
cophenetic matrix were calculated, according to the
expression:

HZ-I‘,ZH:(CU 'E)(dij -?1)

i=l j>i

n-l n )5 n-1 n ., b
[ZZ(CU'E)ZJ (ZZ(du-d)]

i1 i i1 j>i

I.(:oph =

n-1 n _ 2 n-1 n
n(n ) ZJZC“’ - ;;d“’

n(n-1)

in which: ¢; and d;; are, respectively, the element of the
i-th row and j-th column of the cophenetic and original
distance matrix; and n is the number of individuals
(n =17 in this case).

The Mantel’s randomization test was applied, based
on ten thousand permutations of rows and columns of
the cophenetic matrix, in order to test the hypothesis
of null correlation between the cophenetic matrix
and the original distance matrix, and also to allow
the visualization of the empirical distribution of this
correlation coefficient.

To compare results, clusterings were performed
using two hierarchical methods: Ward’s algorithm
and average linkage (UPGMA). The cophenetic
correlations for these methods were also calculated, as
well as the Mantel s test.

The distance matrices used in this work and the
Tocher’s clustering were obtained with the multivariate
analysis module of Genes software version 2009.7.0
(Cruz, 2006). After the calculation of distance matrices,
the application of hierarchical methods was performed
with the hclust() function from “stats” package of R
software, and the cophenetic matrices for these methods

Pesq. agropec. bras., Brasilia, v.48, n.6, p.589-596, jun. 2013
DOI: 10.1590/S0100-204X2013000600003

were obtained by the cophenetic() function, also from
“stats” package; the Mantel’s test was performed with
the mantel.rtest() function from “ade4” package (Dray
& Dufour, 2007), all packages were from the version
2.15.2 R Core Team (R Foundation for Statistical
Computing, Vienna, AT).

Studies of genetic divergence often have a large
number of individuals to be clustered. Thus, the
work necessary to obtain the proposed cophenetic
matrix would become exhaustive. With that in mind,
a function in R language was written to compute the
cophenetic matrix for Tocher’s method, requiring only
the following inputs: the matrix of average distances
within cluster (main diagonal) and between clusters
(off-diagonal), the individuals ordered per cluster,
and the number of individuals into each cluster. The
function was used to obtain the cophenetic matrices
according to two performed clusters. Here is the
proposed R function:

#

# Writing the function
coph.tocher <- function(mat.dc,
id.cluster)
{
rownames(mat.dc) <- NULL
colnames(mat.dc) <- NULL
if(!lisSymmetric(mat.dc))
stop(“mat.dc must be a symmetric distance matrix!”’)
if(length(nobj.cluster) != nrow(mat.dc))
stop(“incompatible dimensions!”)
stopifnot(sum(nobj.cluster) == length(id.cluster))
n <- length(id.cluster)
nc <- length(nobj.cluster)
cl <- rep(1:nc, nobj.cluster)
aux <- rbind(id.cluster, cl)
coph <- matrix(NA, n, n)
for(i in 1:n)

nobj.cluster,

{

for(j in i:n)
{

ifi 1= j){

coph[j, 1] <- mat.dc[aux[2,][aux[1,] == j], aux[2,]
[aux[1,] ==1i]]
} else {cophl[j, i] <- 0}
H
h
return(as.dist(coph))

H
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# End (Not run)

#

Description

The function computes the cophenetic distances for
a Tocher’s clustering.

Usage

coph.tocher(mat.dc, nobj.cluster, id.cluster)

Arguments

mat.dc -> matrix of average distances within
(diagonal) and between (off-diagonal) clusters.

nobj.cluster -> vector containing the numbers of
objects per cluster.

id.cluster -> vector (numeric) for identification of
objects.

Details

To define id.cluster, the number 1 must be the
lowest value and n (the number of objects) the highest.
For example, the first 4 numbers (let us say 12, 28,
3 and 15) refer to the objects of the first cluster, the
next 2 numbers (let us say 10 and 1) refer to the second
cluster, and so on.

Value

An object of class «dist».

#

Results and Discussion

The proposed cophenetic matrices obtained with the
also proposed R function is shown in Table 2. It can

593

be seen that, with Mahalanobis distance, the minimum
distance between two cultivars in the corresponding
cophenetic matrix was 1.74, which equals the distance
within cluster 1. Thus, that is the distance between
any two cultivars allocated in cluster 1. The greatest
distance (11.78) corresponded to the average distance
between clusters 3 and 5. In the obtained cophenetic
matrix based on clustering with the Euclidean distance,
the shortest distance between two cultivars was 1.60
(cultivars 3 and 5), corresponding to the average
distance within cluster 3. The greatest distance (6.14)
corresponded to the average distance between clusters
2 and 6.

It is important to note that 136 measures of distance
were provided by the matrix of the original distances.
The construction of each proposed cophenetic matrix
involved, actually, 21 measures of distance: 6 within
and 15 between clusters. This number is higher than
the one of fusion levels obtained with the hierarchical
methods, which was 16 for both.

The obtained cophenetic distances using Tocher’s
method reliably synthesized the original distances
(Figure 2), with an evident higher linear association
than cophenetic distances obtained with hierarchical
methods, for both dissimilarity measures used. Ward’s
algorithm showed a weak linear association, which is
an expected result because the method tends to show
high values for the last fusion levels, and the correlation
coefficient is sensitive to outliers.

Table 2. Matrix of cophenetic distances between 17 garlic cultivars, obtained by the Tocher’s method based on the generalized
squared Mahalanobis distance (upper triangular matrix) and Euclidean distance (lower triangular matrix).

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17
1 433 415 433 415 193 433 433 433 433 752 433 752 193 433 347 356
2 3.62 707 174 707 433 174 174 174 174 326 174 326 433 174 881  3.04
3 497 324 707 232 415 707 707 707 707 801 707 801 415 707 404 848
4 362 172 324 707 433 174 174 174 174 326 174 326 433 174 881  3.04
5 497 324 160 324 415 707 707 707 707 801 707 80l 415 707 404 848
6 167 362 497 362 497 433 433 433 433 752 433 752 193 433 347 356
7 167 362 497 167 497 167 174 174 174 326 174 326 433 174 881  3.04
8 362 172 324 172 324 362 3.62 174 174 326 174 326 433 174 881  3.04
9 362 172 324 172 324 362 362 172 174 326 174 326 433 174 881  3.04
10 362 172 324 172 324 362 362 172 172 326 174 326 433 174 881  3.04
11 362 172 324 172 324 362 362 172 172 172 326 231 752 326 1178 6.59
12 362 172 324 172 324 362 362 172 172 172 172 326 433 174 881  3.04
13 614 297 344 297 344 614 614 297 297 297 297 297 752 326 1178 659
14 241 277 298 277 241 241 241 277 277 277 277 277 467 433 347 356
15 167 3.62 497 362 497 167 167 3.62 3.62 3.62 362 362 614 241 881  3.04
16 380 395 267 395 267 389 389 395 395 395 395 395 511 215 3.89 5.44
17 167 362 497 362 497 167 167 362 362 362 362 362 614 241 167  3.89
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The cophenetic correlation coefficient was calculated  clustering methods and dissimilarity measures. Figure 3
on each of the ten thousand permutations performed  shows the empirical distribution for these coefficients.
in the cophenetic matrices obtained with each of the = The correlations obtained with Tocher’s method — 0.90

Tocher Ward Average linkage
25 [ o cme amew o SRR ¢ ¢ ¢

>

20 1

Cophenetic distances
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Figure 2. Shepard diagram for association between original and cophenetic distances based on: A, the generalized squared
Mahalanobis distance; and B, the Euclidean distance.
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Figure 3. Kernel density of cophenetic correlation based on ten thousand permutations, obtained with: A, the generalized
squared Mahalanobis distance; and B, the Euclidean distance.
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using Mahalanobis distance, and 0.85 using Euclidean
distance — were even higher than those obtained by
the average linkage method — 0.73 using Mahalanobis
distance, and 0.71 using Euclidean distance —, which
should be the most successful method in maximizing
the cophenetic correlation, among hierarchical ones,
according to empirical results reported by Sokal &
Rohlf (1962) and confirmed by Farris (1969). In a
study on the consistency of the clustering pattern of
bean with different combinations of dissimilarity
measures and clustering methods, Cargnelutti Filho
et al. (2010) concluded that the average linkage based
on the Euclidean distance actually had the highest
cophenetic correlation.

In fact, once the cophenetic matrices for Tocher’s
clustering were based on more distances (21) than
those obtained by the hierarchical methods (16), it was
expected that the representation of the original distance
would be more accurate for Tocher’s clustering, for
both measures of distance used.

The lowest correlation was obtained by the Ward’s
algorithm (0.59) based on Mahalanobis distance.
Nevertheless, all correlation values were significant
(p<0.001) by Mantel test, indicating the rejection of
null hypothesis (null correlation).

With both Mahalanobis distance and Euclidean
distance, the empirical distribution of cophenetic
correlation coefficient for Tocher’s method was quite
similar to those obtained with the hierarchical methods,
therefore having comparable quantiles (Figure 3). This
means that the proposed cophenetic correlation might
be considered a random variable descending from
the same population of the cophenetic correlations
obtained with the hierarchical methods, and it might
serve the same purpose.

In each of the cases showed on Figure 3, an almost
symmetric distribution around zero was observed.
Regarding this finding, Bryant (1960) stated that, when
the actual correlation is null, the distribution of sample
correlation coefficient is symmetric around zero,
although not exactly Gaussian.

Conclusions

1. The construction of the proposed cophenetic matrix
for Tocher’s method depends only on the calculation of
average distances within and between clusters.

2. With both the generalized squared Mahalanobis
distance and the Euclidean distance, the wvalues

of cophenetic correlation coefficient obtained for
Tocher’s method are higher than those obtained with
the hierarchical methods (average linkage and Ward’s
algorithm).

3. Comparisons between clustering made with
agglomerative hierarchical methods and Tocher’s
method can be performed using a criterion in common:
the correlation between matrices of original and
cophenetic distances.
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